The main theorem of this paper names seven ring classifications which coincide with the class of rings named in the title. Three of them are (1) rings over which every module is rationally complete, (2) left and right perfect rings over which every module is corationally complete, and (3) right perfect rings over which every right module is rationally complete. Corational completeness (introduced in this paper) and rational completeness are generalizations of projectivity and injectivity, respectively. One recalls that a proper subclass of the rings investigated in this paper, the artinian rings with zero radical, is known to have one-sided characterizations in terms of the injectivity (projectivity) of modules. An example proves, however, that the class of rings over which every right module is rationally complete properly contains the rings of the title. It is also proved that the rings of this paper are not characterized by the corational completeness of all right modules together with the right-perfectness of the rings.
1. We make the following conventions to be used without comment: All rings will have an identity element; the radical of a ring R (frequently written (radi^)) will be the Jacobson radical; all modules will be unital.
Some needed definitions appear after the following theorem.
THE MAIN THEOREM. The following statements on a ring R are equivalent: (1A) R is the direct sum of a finite set of ideals R u where each R t is a left and right perfect ring and i?ï/(rad Ri) is a simple artinian ring; (IB) Every R-module is rationally complete; (1C) R is left and right perfect and no R-module is a corational extension by a proper factor module; (ID) R is left and right perfect and every R-module is corationally complete; (IE) R is left and right perfect and if {u lf . . . , u k } is the full set of primitive orthogonal central idempotents of R/(rad R) whose sum is the identity modulo (rad R), then each u t can be lifted to a primitive central idempotent e t of R such that Y.^i is the identity of R and the set {e h . . . , e k } is orthogonal;
(IF) R is the direct sum of a finite set of ideals R t each of which satisfies: There is a unique positive integer n t and, up to isomorphism, a unique left and right perfect completely primary ring S t such that R t is isomorphic to the n t X ni matrix ring over S^ (1G) R is right perfect and every right R-module is rationally complete; (1H) R is left perfect and every left R-module is rationally complete.
Definitions. For homological terms and for ring and module terminology, see (2; 6), respectively.
(1) Socle. The socle of a module is the sum of its irreducible submodules, where a module is irreducible if and only if it has exactly two submodules. The right (left) socle of a ring R is the socle of R as a right (left) P-module. (Using an appropriate injection or surjection, these definitions can be extended to arbitrary modules.) (5) Projective cover; right perfect rings. If P is a projective right i^-module and is a coessential extension by its epimorph P/K, then P is called a projective cover of any right i^-module P-isomorphic with P/K. The ring R is right perfect if and only if every right P-module has a projective cover.
(6) Primitive idempotent. An idempotent is called primitive if it is not the sum of two orthogonal idempotents.
(7) Completely primary. A ring R is completely primary if and only if R/ (rad R) is a division ring.
As immediate consequences of the definitions, we have that (II) Every infective right module is rationally complete; (1J) Every projective right module is corationally complete.
Notation. We shall write (ID; left) for the statement "R is left perfect and every left i?-module is corationally complete". The meaning of (ID; right) and of similarly modified references will be clear.
Sections 2-6 are devoted to the proof of the main theorem. The equivalence of (1C) and (ID) is obtained in § 2 by proving the equivalence of (1C; right) and (ID; right). In § 3 we prove that (IB; right) implies (1A; left) and in §4 that (1A; left) implies (1C; left). Thus, (IB) implies (1A), and (1A) implies (1C). In § 5 we prove that if R is a left perfect ring and if no proper corational extensions by right jR-modules exist, then every right .R-module is rationally complete. This theorem and the theorem obtained from it by interchanging the words right and left prove that (1C) implies (IB). Thus, the first four statements of the main theorem are proved equivalent in § § 2-5. The remaining steps in the proof of the main theorem are in § 6, with some help from earlier results. In § 6 we prove that (IE) implies (IF) and that (IF) implies (1A), by proving the left versions. Thus, (IF) implies any of the first four (equivalent) statements. Proof that (IB) implies (IE) is obtained from a result in § 3: (IB; right) implies (IE; left). Thus, the first six statements have been proved equivalent. As the final step in the proof of the main theorem, (1G) and (1H) are proved equivalent with the preceding six statements.
Some by-products of the results in § § 2-6 are mentioned in § 7, as evidence of right-left asymmetry qua rational and corational completeness of modules and perfectness of rings. We record one of them (Theorem (7C)).
THEOREM. If R is a left perfect ring over which every right module is corationally complete, then every left R-module is corationally complete.
The question is open as to the possibility, suggested by the quoted theorem, that the corational completeness of all right modules together with the leftperfectness of the rings characterizes the rings of this paper. It is shown in § 7, however, that the rational completeness of all right modules does not characterize these rings. This is accomplished by displaying a ring R over which all right modules, but not all left modules, are rationally complete. The same example shows that the rings of this paper do not coincide with the class of left perfect rings over which every left module is corationally complete.
Concerning (IB), Findlay and Lambek proved (5, p. 156) that a right i^-module is rationally complete if and only if it has no proper rational extensions. In § 2 it is proved that no proper corational extensions by a right module M exist if M is corationally complete, but at the time of writing we do not have the converse (and conjecture against its existence). To obtain the equivalence of (1C; right) and (ID; right), we prove, in §2, that a right ^-module M is corationally complete if, for every factor module F of M, F has a projective cover and no proper corational extensions by F exist.
A sense in which corational extension is dual to rational extension is mentioned in (3, p. 953, following Definition 2). commutative. For convenience we assume that/ is onto A/B. We proceed to obtain a contradiction to (2) . Let M' be the epimorph of M such that / takes M' isomorphically onto A/B. Let projective module P be a projective cover of M'\ PIK ^ M', where K is a small submodule of P. We define g: P -» A/B by the composition of maps
A > A/B > 0 nat a exists since P is projective. Let L be the kernel of a. Then K contains K C\ L properly; otherwise, (4) would provide a completion for diagram (3). Thus,
P/(K C\ L) is a proper extension by P/K = M
r and, by hypothesis, cannot be a corational one. This proves that a non-zero element h of
e P, so that h induces a non-zero homomorphism defined on P/K 9Ë If', and we have that
is an isomorphism onto B r\a(P):
Considering (5) and (6), there exists a non-zero homomorphism of M' into an epimorph of B r ; say to B'/V. Since F is a submodule of 5, a non-zero homomorphism of M into an epimorph of B has been found, in contradiction of (2) . This completes the proof that M is a corationally complete module. We have proved (2F) and (2E).
Since (1C; right) and (ID; right) are equivalent, the equivalence of (1C) and (ID) is evident.
Proof that (IB) of the main theorem implies (1A) and (IE).
We plan to prove that if every right module for R is rationally complete, then the ring R is the direct sum of ideals R u each a left perfect ring which is artinian and simple modulo its radical. Findlay and Lambek's theorem mentioned in § 1 permits us to interchange "there are no rational extensions of the module M" with "M is rationally complete". We shall do so without comment.
Definition. An ideal N is called left P-nilpotent if, given a sequence {u t } of elements of N, the product UiU 2 . . . u n = 0 for some n.
We extract the following from a theorem of Bass (1, pp. 467-468, Theorem P).
THEOREM (3A). The following statements on a ring R are equivalent: (1) Ris left perfect; (2) The radical P of R is left T-nilpotent and (R/P) is artinian; (3) R has no infinite sets of orthogonal idempotents and every non-zero right R-module has non-zero socle.

PROPOSITION (3B). If R/ (rad R) has no infinite sets of orthogonal idempotents, then R also has this property.
Proof. If the proposition is false, the hypothesis implies the existence of non-zero orthogonal idempotents e and e + j with j G (rad R). From 0 = e(e + j) = e + ej, e has a quasi-inverse h: e + h = eh. Then e + eh = eh. We have the contradiction that e = 0.
We call a module irreducible if it has precisely two submodules.
PROPOSITION (3C). Let a ring R be the direct sum of some ideals R t (l S i S k). Then (1) every non-zero right R-module has an irreducible submodule if and only if (2) for each i and each (R t ) -ideal X ^ R t the ring {R t /X) has non-zero right socle.
Proof. Let {e t \ 1 ^ i ^ k} be the central idempotents whose sum is the identity of R such that R t = e t R = Re t . If X is an (i^-)-ideal, then Y is an irreducible right (R f )-submodule of (R t /X) if and only if Y is an irreducible right i^-submodule. Thus (1) implies (2). We assume that (2) holds and that M is a right i^-module with Me t ^ 0 for some i, and that X is the (R t ) -ideal such that Me t is a faithful (R { /X)-module.
By assumption, (R t /X) has an irreducible right i?-submodule T/X. If m G Me t is such that mT ^ 0, then clearly mT = T. Thus (1) holds.
PROPOSITION (3D). Let R-module M be a rational extension of its submodule V. Then M is an essential extension of V.
Proof. If F were not essential in M, then for some non-zero submodule T of My V + T is a direct sum. Then f(t + V) = tis a non-zero homomorphism of (r+ F)/Fto Mso that M is not a rational extension of V. Proof. We show that every right R-module is injective; the desired conclusion is then immediate (7, p. 12). If T is an essential right ideal of R, then by Theorem (3F) T is a rational submodule of the right .R-module R. It follows that the rationally complete i^-module T equals R. Thus, an element m of an i?-module M is a singular element if and only if mR = 0, which is equivalent to m = 0, since M is unital. Thus, the singular submodule of M is zero for every right i^-module M. By Theorem (3F), then, every essential extension is a rational extension. Thus, by hypothesis, there can be no proper essential extensions, and every right module is injective. Proof. If Z, the right singular ideal of R/P is zero, R/P is artinian by Proposition (3G) (since every right (R/P)-module is rationally complete). If Z 9^ 0, then by Lemma (31), R/P has a non-zero nilpotent right ideal T/P. We have a contradiction since every nil right ideal is contained in the radical (6, p. 8) and the radical of R/P is zero. Thus, (1) has been proved. Now let m be a, non-zero element of a right i^-module M. Let H be a submodule of M maximal with respect to the property of not containing {m}. Then m G T, the intersection of the submodules which properly contain H. Clearly, T/H is irreducible and is contained in every submodule of M/H. Since H is rationally complete, there is a non-zero homomorphism g of T/H into T. Clearly, g is an isomorphism and M has an irreducible submodule: g(T/H). This completes the proof of the theorem.
THEOREM (3K). Let Rbe a ring over which every right R-module is rationally complete. Then R is a left perfect ring.
Proof. By Theorem (3J), every right i?-module has non-zero socle and R/(r&d R) is artinian. By Proposition (3B), R inherits from R/(rad R) the non-existence of infinite sets of orthogonal idempotents. Thus, by Bass' theorem (see Theorem (3A)), R is a left perfect ring.
Notation (3L). If S and T are subsets of an i?-module, (S:T) = {r G R\Tr Ç5). We write (S:t) if T is the set {*}.
Remark (3M). If t is a non-zero element of an irreducible i?-module T, the map fir) = tr is an i?-homomorphism of R onto T with kernel (0:/). Thus, T ^ R/(0:t) and (0:/) is a maximal right ideal of R.
LEMMA (3N). Let e be an idempotent of a ring R and let ye = 0 for some non-zero element y of R. Let H and H f be right ideals such that (eR + H r )/H r is an irreducible right R-module and is isomorphic with (yR + H)/H. Then e is not central modulo the radical P of R.
Proof. We assume the contrary: er -re G P for all r G R.
e) is a maximal right ideal by Remark (3M) and contains the intersection P of the maximal right ideals. From er -re G P Ç (H':e) we have, for each r G R, that er -ere G H r .
Evidently, {er + H') = {er + H')e\ e acts as right identity on the right i^-module {eR + H')/H'. On the other hand, {y + H) is a non-zero element of {yR + H)/H and {y + H)e = (ye + H)
=0 by hypothesis. This is a contradiction of the isomorphism in the hypothesis, completing the proof.
THEOREM (30). Let Rbe a ring over which every right R-module is rationally complete. Let {e 1} . . . , e k \ be a set of orthogonal idempotents of R whose sum is the identity of R. Let P denote the radical of R and assume, for each r G R and for i = !,...,&, that e t r -re t G P.
Then the idempotents e x are centralidempotents {thuse t Ris an ideal
Proof. If the conclusion is not true, then xe t ^ e t x for some i G {1, . . . , k} and some x G R. We must have that e t xei ^ e t x or eiXe t ^ xe t and we assume the latter with no loss of generality. Thus, there exists fi G {1, . . . , k} such that
Using Zorn's lemma, let H be a right ideal maximal with respect to y G H. Clearly, y belongs to the intersection F of those right ideals which properly contain H. We have 
Since yep = 0 and since the isomorphic irreducible modules of (7) are generated by y and ep, respectively, Lemma (3N) again implies that epr -rep g P for some r G R. This contradiction completes the proof.
Remark (3P).
A ring having nil Jacobson radical is an SBI ring (ring suitable for building idempotents), that is, a ring such that idempotents modulo the radical can be lifted (6, pp. 53-54). More precisely, for such a ring (6, p. 54), if P denotes the radical and if \u\ + P } . . . , u k + P} is a set of orthogonal idempotents of R/P, then a set {ei, . . . , e k ] of orthogonal idempotents of R exists such that e t -\-P = Ui + P, i = 1, . . . , k. Furthermore, if Y^ui -1 G -P, where 1 is the identity of R, then the e t can be chosen so that their sum is 1.
THEOREM (3Q). Let R be a ring over which every right R-module is rationally complete. Then R is the direct sum of a finite set of ideals R t such that for each i, Ri/ (rad R/) is a simple artinian ring and R t is a left perfect ring.
Proof. Let P denote the radical of R. We use the notation x for the coset x + P and S to denote {s\ s G S} if 5 is a subset of R. By Theorems (3K) and (3A), P is a nil ideal and by Theorem (3J), R/P is artinian. Thus, R/P is a direct sum of simple rings (each an ideal of R/P) so that for some positive integer k, R/P has central orthogonal idempotents Hi, . . . , û k whose sum is the coset 1 + P, such that UiR is an (R/P) -ideal and a simple artinian ring. By Remark (3P), U t can be replaced in the preceding sentence by ë u where {ei, . . . , e k ] is a set of orthogonal idempotents of R and XA = 1-The e t are central idempotents by Theorem (30). Thus, R t = e t R is an ideal for each i and R is the direct sum of the R t . Then each (i?*)-module is an i?-module and is rationally complete. By Theorem (3K), R t is left perfect, i = 1, . . . , k.
Since the radical is the intersection of all maximal right ideals, it is easy to verify that the radical of R t is R t C\ P. By the ring isomorphism e t R/{ ei R r\ P) 9* (e t R + P)/P = ~e~R, J?î/(rad Ri) is a simple artinian ring, i = 1, . . . , k.
Remark (3R). In Theorem (3Q), (1A; left) has been obtained from (IB; right).(IE; left) has been obtained also since R is a left perfect ring and since the primitive orthogonal central idempotents of the artinian ring R/P have been lifted to orthogonal central idempotents (necessarily primitive) of R. We have proved that (IB) implies (1A) and (IE).
Proof that (1A) of the main theorem implies (1C).
We shall prove that (1A; left) =» (1C; left). Let R t (1 g i S k) be left perfect rings and let R = Ri 0 . . . © R k be the ring made from the direct sum of their additive groups. We use Theorem (3A) to show that R is left perfect. If P t -(rad Ri), i = 1, . . . , k, then it is easy to verify that P = (rad R) = Y^R u using the definition of radical as the intersection of maximal right ideals. The left T-nilpotence of P is obvious since each P t is left T-nilpotent, and R/P is artinian as the direct sum of the artinian rings R t /P t . Thus, R is left perfect. Proof. The opening remarks prove conclusion (1) . A theorem which appears in (1, p. 474) states that for any ring R, non-zero projective .R-modules always have maximal proper submodules. If M is any non-zero left i?-module for the ring R of this theorem, we claim that M has a maximal proper submodule. Since R is left perfect, there is a projective left i^-module P with a small submodule K such that M ~ P/K. If H is a maximal proper submodule of P, we have that K + H ^ P so that K C H, since K is small. Thus, H/K is a maximal proper submodule of P/K; M has a maximal proper submodule. Now assume that conclusion (2) is false, that a left i^-module G exists with submodule N ^ 0 such that G is a corational extension by G/N. Thus, Hom R (G, N) = 0 for every epimorph N of the left module N.
Let ei, e 2 , . . . , e k be the central idempotents of R whose sum is the identity of R (whose existence the hypothesis implies). For any left module H, we use the notation H^) = e^H. Thus, H is the direct sum of the H^) and ej is the identity map on H U) and is the zero map on H^ for i ^ j. We remark that from the definition of the e t and from (i) in the hypothesis, exactly one (up to i?-isomorphism) irreducible left P-module T t exists on which e { is the identity map and e^ induces the zero map, if j ^ i. Let (3 be such that Np 9^ 0. Let F± be a maximal proper submodule of G&) and let F = F\ + ]£*?# G(*). Let Fi be a maximal proper submodule of N^ and let F = V\ + Z!^js -2V(o« Then G/i 7 = 2^ == iV/F as left P-modules. This contradicts the corationality of G over G/N, proving the theorem.
Clearly, (1A) => (1C), since (1A; left) =» (1C; left).
Proof that (1C) of the main theorem implies (IB).
Our plan is to prove that if R is a left perfect ring and if no proper corational extensions by right P-modules exist, then every right P-module is rationally complete.
LEMMA (5A). Let Rbe a ring such that no right module is a proper corational extension by another. Let P be the radical of R and let {e\, . . . , e k ] be a set of orthogonal idempotents with Y^ei equal to the identity of R, such that for each i and for every r Ç R, e t r -rei 6 P.
Then for i = 1, . . . , k, e t is a central idempotent. (Thus, the right ideals e x R are ideals?) Proof. We assume the contrary. Thus, xe t 9^ e t x for some i Ç {1, . . . , k] and some x £ R. We must have that e t xei 9^ e t x or e t xei 9 e xe t and we assume the latter with no loss of generality. Thus, there exists a G {1, .
• . , k} such that y = e a xe i ^ 0, a ^ i.
Let V = £^ ejR. Then y = e a y $ V. Let H 2 F be a right ideal maximal with respect to y £ H. The intersection F of right ideals properly containing H satisfies
Since R/H is a proper extension by R/F, it cannot be a corational extension. Thus, there is a non-zero homomorphism on R/H to the irreducible right module F/H. Let H' be the kernel of that homomorphism. Then
R/H' ÊË F/H.
Since H f Z> H => F and since R j£ H\ e a £ H f so that
Considering the displayed statements and ye a = 0, Lemma (3N) implies that e a is not central modulo P, a contradiction. This completes the proof.
THEOREM (5B). Let R be a left perfect ring such that no proper corational extensions by right R-modules exist. Then every right R-module is rationally complete.
Proof. Since R is left perfect, Theorem (3A) implies that R/P is artinian, where P = rad R. Thus, R/P has central orthogonal idempotents {ei + P, . . . , e k + P] whose sum is 1 + P, each of which generates one of the indecomposable ideals (= simple artinian rings) into which R/P decomposes uniquely. By Theorem (3A), the radical is nil and, by Remark (3P), we may suppose that the e< are orthogonal idempotents whose sum is 1. By Lemma (5A) they are central idempotents.
We show that a right .R-module M cannot be a proper rational submodule of an i^-module G. 
THEOREM (5C). Statement (1C) of the main theorem implies (IB).
Proof. This is clear from Theorem (5B) and the theorem obtained from (5B) by interchanging the words right and left.
Remark (5D). The first four statements of the main theorem are equivalent by (5C) and the concluding sentences of § § 2, 3, and 4.
6. Conclusion of the proof of the main theorem. For a ring R (with radical P) over which every right module is rationally complete, the requirements of (IE; left) were deduced, incidentally, in Theorems (3K), (30), and (3Q) and Remark (3P). R is a left perfect ring and the full set of primitive orthogonal central idempotents of the semi-simple ring R/P can be lifted to central orthogonal idempotents of R whose sum is the identity of R. Thus (IB; right) implies (IE; left) and we have the following result.
THEOREM (6A). (IB) of the main theorem implies (IE).
Definition and Remark. For a ring with identity, R/(rad R) is a division ring if and only if the non-units of R form an ideal (6, p. 56 and p. 58, Proposition 1). Such a ring is called a completely primary ring.
Remark. As mentioned in Remark (3P), a ring having nil radical is an SBI ring. From (6, p. 56, Theorem 1 and p. 59, Theorem 3) we record the following result.
THEOREM (6B). Let T be an SBI ring such that T/(rad T) is a simple artinian ring. Then T is isomorphic with an n X n matrix ring over a completely primary ring. The integer n and, up to isomorphism, the completely primary ring are unique.
THEOREM (6C). (IE) of the main theorem implies (IF).
Proof. We show that (IE; left) implies (IF; left). Let R be a left perfect ring with radical P and let e 1} . . . , e k be central orthogonal idempotents of R such that Y^ei equals the identity of R and for each i (e t + P) (R/P) ~ (eiR/e t P) is a simple artinian ring. For i = 1, . . . , k, R t = e t R is an ideal, since e t is central, and R is the direct sum of the R u since {e t } is a set of orthogonal idempotents whose sum is the identity of R. Since R is left perfect, P is left T-nilpotent by Theorem (3A). Since the radical of R t is e t P, it is left T-nilpotent, and i^/(radi^) is a simple artinian ring. Thus, R t is a left perfect ring. By the remark preceding Theorem (6B), R t is an SBI ring, i = 1, . . . , k. By Theorem (6B), there is a unique positive integer n t such that R t is an n t X ?ii matrix ring over a completely primary ring S u which is unique up to isomorphism. Since S t is a division ring modulo its radical, Si is left perfect if its radical / is left T-nilpotent. If / is not left T-nilpotent, there exists a sequence {Ui}, u t G /, such that the product U\U 2 . . . u m j* 0 for every positive integer m. The left 7"-nilpotence of J ni is then contradicted by the sequence Uil, u 2 I, . . . , where I is the identity of (Si) ni . But this contradicts the fact that R t is left perfect since (rad R t ) = J ni (6, p. 11). Thus, J is left T-nilpotent and Si is a left perfect, completely primary ring. Thus, (IF; left) has been obtained from (IE; left), completing the proof of the theorem.
PROPOSITION (6D). (IF) of the main theorem implies (1A).
Proof. We shall obtain (1A; left) from (IF; left). We need to prove that a ring R is left perfect and, modulo its radical P, is simple artinian, given that R is an n X n matrix ring over a left perfect, completely primary ring S. If J = (radS), then by the definition of completely primary, S/J is a division ring. Since (rad R) = J n (6, p. 11), R/P = S n /J n = (S/J) n is a simple artinian ring. Thus, by (3B), R has no infinite sets of orthogonal idempotents. R will be left perfect if every right i?-module has an irreducible submodule. By Proposition (3C), it is sufficient to show that R/X has non-zero right socle for every ideal X ^ R. It is easy to see, for every matrix unit E tj , that kEij G X if k G S is a non-zero entry in a matrix belonging to X, so that X = Y n for some ideal F of 5, Y 9^ S. Since 5 is left perfect, S/ Y has an irreducible right ideal T by Theorem (3A). Then TE n + TE U + . . . + TEi n = F is an irreducible right ideal of R/X (since, for i = 1, . . . , n and for any non-zero t £ T, tEu Ç fR if / is a non-zero element of F). Thus, R is left perfect and the proposition has been proved.
Remark (6E). The first six statements of the main theorem are equivalent.
Proof. By Remark (5D), the first four statements of the main theorem are equivalent and by Theorem (6A) any one of them implies (IE). By Theorem (6C), (IE) implies (IF), and by Theorem (6D), the first four statements of the main theorem are implied by (IF), completing the proof.
(6F) Final steps of the proof of the main theorem. We have just proved the equivalence of statements (1A) -(IF). Clearly, a ring R which satisfies these statements satisfies (1G): R is a right perfect ring and every right 7^-module is rationally complete. If a ring R satisfies (1G), then by the remarks at the beginning of this section, R is a left perfect ring and the full set of primitive orthogonal central idempotents of R/(rad R) can be lifted to orthogonal central idempotents of R whose sum is the identity of R. Since R is right perfect, (IE) holds, whence R satisfies the first six statements. Thus, the equivalence of statements (1A)-(1G) has been proved. By symmetry, the proof of the theorem is complete, since (1H) is the left analogue of (1G).
Evidence of asymmetry.
To obtain a view of left-right asymmetry, qua perfectness of rings and rational and corational completeness of modules, we mention some theorems which are implied by the results in § § 2-6. Theorem (2D) states that no proper corational extensions by corationally complete right modules exist. Together with Theorem (5B), this implies the following theorem.
THEOREM (7A) . Let R be a left perfect ring over which every right module is corationally complete. Then every right R-module is rationally complete.
(1C; left) is implied by (1A; left), which is implied by (IB; right) (Theorems (4A) and (3Q), respectively). Since, by the left analogue of Theorem (2E), (ID; left) and (1C; left) are equivalent, we conclude that (IB; right) implies (ID; left).
THEOREM (7B). If every right R-module is rationally complete, then R is a left perfect ring and every left R-module is corationally complete.
